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1 Introduction 

It is known that twisted representations are the main ingredients in orbifold conformal 
held theory (refer [DHVW1-DHVW2, LJ1-LJ2, FLM, DM, DLM1, DLM3, DLM5, DLM6 
and MTjetc). They play a fundamental role in the construction of the moonshine vertex 
operator algebra [ FLMj and other orbifold vertex operator algebras jDGMj . Many of 
them have been studied in the literature (refer [ABD, DJ2, DLM3, DJM4, HY, MT]). In 
[DLM31, Z], associative algebra A g (V) was constructed for a given vertex operator algebra 
V with an automorphism g of finite order T. This is helpful to investigate abstract orbifold 
models. Ag tn (V), which was constructed in [ DLM5] for nonnegative numbers n £ y;Z + , is 
a generalization of the algebra A g (V), where A g (V) = A g 0 (V) (where A id fi(V) coincides 
with A(V) in [2], and A idn (V) is exactly A n (V) in jDLM4j ). It was shown that A j.(V) 
is a natural quotient of A 9jn (V). 

On the other hand, an A n (U)-bimodule A n (M) for any U-module M was also intro¬ 
duced in raiDR! to deal with the intertwining operators and fusion rules. Moreover 
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an important result in [FZ , :l~i. DR j is that there is an isomorphism between the space 
of intertwining operators among irreducible Id-modules and a certain space constructed 
from bimodules for A ldn {V). By generalizing the bimodule theory in [FZ], a sequence 
of bimodules of Ag !n (V)-A gtm (V) in [ D.Tll |DJ2] were studied, which were denoted by 
Ag t n,m(V)- 

Motivated by PEllEmiEE!, for any g , n as above, in this paper we construct 
an ZL n (F)-bimodule A„ n (M) for any admissible V -module M such that A gn _±(M) 
is a natural quotient of A g n {M). The structure of those bimodules are discussed. We 
also consider the connections between bimodule A a>ri (M) and intertwining operators. 
Moreover, it is established that if V is ^-rational then there is a linear isomorphism 
between the space of intertwining operators and the space of homomorphism 

Ho mj „ (v) (A s ,„(M) M‘(s),M k (t)) 

for s,t <n, M\ M k are g- twisted V modules. 

The paper is organized as follows. We recall the construction of associative algebras 
A g>n (V) and some results from [DLM3) - [DLM5] in Section 2. In Section 3,we give the con¬ 
struction of A g , n {M) and study its structure. In section 4, we discuss the relation between 
A g , n {M) and intertwining operators. As in [FZUL2llDRj . we obtain the isomorphism from 
the space of intertwining operators to Hom Ag n (y)(A g>n (M) <8 U 9 ,„(v) M j (s),M k (t )) 

if V is ^-rational. 


2 The associative algebras A,AV) 

Let V = (V, y,l,ca) be a vertex operator algebra ([B], [FLM] . |LLj ) with an automor¬ 
phism g of finite order T. Then V has the decomposition of eigenspace with respect to 
the action g: 

v= 0 \r 

TGI./T7, 

where V r = {n G V\gv = e~^r L n}. Firstly, we recall definitions of modules of different 
types from [DLM31 lFFMl iFFRl [D]. 

Definition 2.1. A weak g-twisted V-module M is a vector space equipped with a linear 
map 

Y m (-,z) :V -»• (End M)[[z±,z~±}} 

v e -y Ym(v, z ) = v n z ~ n_1 (v n G EndM ) 

nG<Q> 
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which satisfies the following conditions for all 0 <r <T — l,u € V r , v € V, w € M. 


Ym{u, Z ) ^ ^ UnZ 5 

u n w = 0 for n 0; 

= «4r; 

—— )Ym(u, zi)Y m {v , z 2 ) - —— )Ym(v, z 2 )Y m (u , £1) 

= ——)(——— )~tY m (Y(u, Zq)v, z 2 ). 

z 2 ^2 


Definition 2.2. An (ordinary,) g-twisted V-module is a weak g-twisted V-module M which 
carries a C-grading induced by the spectrum of L( 0) where L( 0) is a component operator 

of 


Y M (w,z ) = L(n)z n 2 . 


n£ Z 


That is 


m = 0 Aec M A , 


where M\ = {u> G M|T(0)w = Aw}. Moreover one requires that M\ is finite dimensional 
and for fixed A, M» +A = 0 for all small enough integers n. 


Definition 2.3. An admissible g-twisted V-module is a weak g-twisted V-module M which 
carries a ^Z + -grading 

M = ® n £-Lz + M(n) 

that satisfies the following 


v rn M(n) C M(■n + wtu — m — 1 ) 


for homogeneous v G V. 


Remark 2.4. Assume M is an irreducible addimisible g-twisted V-module, one knows 
that M = ® n ^ z+ M n+h for some h G C such that M h ^ 0, where h is the conformal 
weight of M. We always assume M(n) = M n+h . 


Next we recall some results of the associative algebra A gtn (V) from [DLM3-DLM5]. 
Also see [Z]. 

Fix n = l + j; G };Z + with / a nonnegative integer and 0 < i < T— 1. For 0 < r < T— 1, 
define 


M r ) = 


1, if i > r, 
0, if i < r. 


Let 0 9in (V) be the linear span of all u o g>n v and L(—l)u + L(Q)u where for homogeneous 
u G V r and v G V, 


U °g,n v = Res z Y (u, z)v 


_|_ z ^wtu+l-l+5i(r)+-Z 
%21+Si (r (T—r )+l 
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We also define a second product * ff)Tl on V for u G V r and v G V as follows: 

i 

U*g,nV=Y,{- 1)" 

m =0 

V ' V ■ \m( m + l\ fwtu + l\ 

= EE(“ 1 ) ( l )( , 

m=0 j =0 V / \.J / 

if r = 0 and u * g , n v = 0 if r > 0. 

Define A SiTl (R) to be the quotient V /O g ^ n (y). Then A g>0 (ld) = A g (V) and A i( -^ n {V) = 
A n (V) have already been defined and studied in IDLM3I and [ DLM4 ] respectively. 

The following theorem summarizes the main results of [DLM5] . 

Theorem 2.5. Let V be a vertex operator algebra and g an automorphism ofV of finite 
order T. Let M = © me ± z+ M(m) be an admissible g-twisted V-module. Let n G ^Z+. 
Then 

(1) A ffjn (V) is an associative algebra whose product is induced by * g<n . 

(2) The identity map on V induces an algebra epim.orphism from A g;n (V) to A gjU _ \/t{V). 

(3) Let W be a weak g-twisted V module and set 

Tt n (w) = {w G W\u wtu -i+kW = 0 ,u ev,k > n}. 

Then Vt n {W) is an A g , n (V)-module such that v + O g>n (y) acts as o(v) = v wtv -i for homo¬ 
geneous v. 

(4) Each M{m ) for m < n is an A g ^ n {V)-submodule of Ll n (W). Furthermore, M is 
irreducible if and only if each M(m ) is an irreducible A g ^ n {V)-module. 

(5) The linear map <p from V to V defined by <p(u) = e Llyl \—l) L ^u for u G V induces 
an anti-isomorphism from A g n {V) to A g -i >n (V). 


m T , (l + £) wtu_H 

i J Res z T(n, z) zl+m+1 v 


3 Bimodules A g , n {M) of A g ,n(V) 


Motivated by the ideas of A(R)-bimodule A (M) and A n (R)-bimodule A n (M) from 
[Z] and [DRj for any nonnegative integer n respectively, we will construct and study 
A gin (l/)-bi m °dulc A g>n (M) for n G in this section. 

Let V be same as vertex operator algebra in section 2 and M be an admissible Id- 
module, O gtn (M) be the linear span of u o gn w where for homogeneous u G V r and 
w G M, 


u o 9tn w = Res z Y m (u, z)w 


(l + «) 


wtlL+l — l+(5j(r) + ^r 


g2l-\-8i ( T—r )+l 

We also define a left bilinear product * ggi for u G V r and w G M : 


u * g , n w = 


-. \m I m "b T5 \r / Rl + ^) WtU+i 

2^(-l) ( , )Res z Y m (u,z) - rr—,—w 


m =0 
l oo 


l 




(3,1) 


m=0 j =0 ' / \ J 
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if r — 0 and u * g . n w = 0 if r > 0 and a right bilinear product 


^ *g,n U 


N// 'm + Z\ Tr . M + z ) wtu+m - 1 

( ; )ReS z y, V f(M, z)~ -rr—;- W 

m =0 


l oo 

EEH) 

771—0 j =0 


l J—~ z l+m +1 

l fm + l\ fwtu + m — 1 


(3.2) 


l 


J 


Uj—m—l—l'UJ ■ 


if r = 0 and w w = 0 if r > 0. 

Set A g tn (M) = M/Og jn (M). One can see that A i <n (M) is the A n (F)-bimodule A n (M) 
studied in ’IDS. Moreover, Ai i0 (M) is the A(F)-birnodule A(M) studied in |FZj . 

Lemma 3.1. (1) Assume that u £V r is homogeneous, w £ M and m > k > 0. Then 

n _|_ z y«tu+l—l+Si(r)+j,+k 

Res zY m (u, z)w z2l + Si{r)+Si(T _ r)+1+m e O g , n (M). 

(2) For homogeneous u £ V° and w £ M, 

u * 3 , n w -w * g>n u - Res z Y m (u, z)w{ 1 + 2 ) wtu_1 e O g , n (M). 

Proof: The proof of (1) is similar to that of Lemma 2.1.2 of [Z]. 

For (2), it follows directly from the definitions (13.111 and (13.21) and using the following 
result in the appendix of (DLM4j : 


fm + A (-l) m (l + z) l+1 - (~1) ; (1 + z) m 

( l J z l+m +1 

m =0 ' ' 

Thus we can obtain the result in (2). □ 

Lemma 3.2. 


(L(-l) + L(0))V * g , n M C O g>n (M), M * 9 , n (L(-l) + L(0))V C O g>n (M) 


Proof: By the dehnition of * g , n , we only need to prove the case u EV°,w E M. From 
(13. lj) . we have 


m =0 


(L(-l)u) * g , n w = J^(-l) 

i 

Ah) 


m +1 


("1 ~)wtu+l+l 

m '"7 "jRes z Y M (L(-l)u,z) W [ + ^ m+1 


771—0 


m+ i I m + l\ d (1 + z ) wtu+1+l , 

; z , +m+1 , 
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EM) 


m =0 


< m + ■ l ) »M (wt " + 1 ^ 2 S 1 + * ) "*" 


(Z + m + 1)(1 + -) wtu + 1 + / 


(L(O)u) *,„w= £(-!)”•(' 

m=0 ' 


0 


/-{-7?2-|-2 


m + ^ Res 2 U M (L(OK ^)w (1 ^ +1 


\ -v 1 \m (m + A , TJ v f \ (l + ^) wtn+i 

1) ( ; ] wt uRes z YM\u, z)w- 


m =0 


2;/+m+l 


Thus 


(L(-l) + L(Q))u *g :n w 

= £(-ir( m , +( W y ' 


m(u,z)w 


(-i - i)(i + z y tu+l 


(Z + m + 1)(1 + ^) wt “+ 1 + / 


£(-!)’ 


771=0 


m + Z 
l 


Res z Ym(u, z)w 


2 ■* 

(mz + l + m + 1)(1 + z ) wtu+l 


^Z+m+2 


Using Lemma 2.2 in [ DLM4 ]: 

'm + Z\ (m^ + Z + m + 1)(1 + ^) wtu+; 


£(-i) r 


m =0 

we obtain 


Z 




= (-1)' 


2/ + 1\ 21 + 1 


Z J z 2l + 2 ’ 


(L(-l) + L(0))tt = ( 


-<T) 


Res 2 U^(u, 2)w 


(2Z + !)(! + z ) wtu+l 


-2Z+2 


Since u G U°,<5j(r) = 1 and <5j(T — r) = 0, it is clear that the right-hand side lies in 
Og,n{M). So 

(L(-l) + L(0))U* 9 , n McO g>n (M) 

For the second containment,we only need to use this result and Lemma f3. If 2). This 
completes the proof. □ 

Lemma 3.3. (1) O g<n (V) * g . n M C O gtU {M),M * g , n O g , n {V) C O g , n (M), 

(2) V *g,n O g>n (M) C Og,n(M), O g>n (M) *g, n V C O g, n (M). 

Proof: By Lemma 13.21 it remains to prove that (u o gn v) * g , n w, w * Si „ {u o gn v),u * Si „ 
{v o g n w), {v o g n w) * g:n u G O g , n (M) for u, v G V and w G M. 
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(1) Since V r * * 9jn M and M * g:H V r equal zero for r ^ 0, we only need to consider the 
case u £ V r and v £ V T ~ r . It is not difficult to prove {uo gn v)* g . n w C O g>n (M) according 
to Lemma 3.4(1) in [DR], we omit it. We now prove w * g , n (u o g n v) £ O 9jn (M). 

Let u £ V r , v £ V T ~ r and w £ M, we have 


0 o g>n v) = Y^ 

3> 0 


/ wtu + 1—1 + Si(r) + ^ 
V 3 


(u i -2i-l- < 5 i (r)-5 i (T-r)V). 


Then it follows Lemma IXTT 2) that 


W * g , n (U O g n V ) 

/wt u + 1-1 + 8i(r ) + 

(1 + ~ 2 ) wtu+wt,;+2i+5i(r)+,5i(T - r) - 1 ^( modO g , n (M)) 


E 

j> o 


jReS Z2 YM{Uj-2l-l-8i(r)-5i(T-r)V, Z 2 )w X 


= -Res Z2 Res Z0 Y M (Y(u,z 0 )v,z 2 )w 


(1 + Z 2 + Zq) wt«+i-l+ii(r)+f 




2 l-\-6i (r)+Si(T—r )+l 
0 


X 


(1 + z 2 y tv+l+5 ^ T - r) -5 (modOg t n(M)) 

^ _|_ z Xwtu+l— l+5i(r)+^^]_ _|_ z \wtv+l+8i(T—r)—^, 


= -Res^Res Z2 Y M (u, Zi)Y M (v, z 2 )w 


+Res^ 2 Res 21 F M (u, z 2 )Y M (u, z x )w 


^Zi — r )+l 

(]_ _)_ ^ \wtu+i-l+5i(r)+f n _|_ z ^wtv+l+Si(T-r)-j; 


E(-n +1 (' 

3> 0 V 


(— z 2 + Z\)^ Jr ^ i ^ r Y^i{T—r)+l 


-21 — 1 — 8i(r) — 8i(T — r) 


Res zl Res Z2 Y M (u, Z!)Y M (v, z 2 )w x 


^ _j_ ^Wwtu+i—l+5i(r)+£ ^ _|_ z ^wtv+l+Si(T-r)-^ 


Z 


2l+6i(r)+Si(T-r)+l+j —j 


1 


Z o 


+ ^(-l) 5i(r)+5i(T r)+1 f 21 1 Res 22 Res 2l Y m(i ; , z 2 )Y m (u, z\)w x 

j> o \ J / 

^ _|_ „^wtu+l—l+5i(r)+^r ^ _|_ z ^yNtv+l+Si(T-r)—Z, 

—j 2l+Si(r)+5i(T—r)+l+j 

*1 ^2 

Since u £ V r ,v £ V T ~ r and from Lemma [3. II we know that both 

^ _|_ z \wtu+l~ l+$j(r)+£ ^ _[_ ^^wtv+l+8i(T—r)-Zp 


Res 21 Res 22 y M («, Zt)Y m {v, z 2 )w- 


2 l-\-Si (r)+<5i (T—r)+l+j — j 


and 


Res 22 Res 2l F A f (v, z 2 )Y M (u, z^w 


^ _|_ „^wtu+Z—l+<5j(r)+^ ^ _|_ z ^wtv+l+5i(T-r)--Z 

y ~3 J2l+5i{r)+5i{T-r)+l+j 
*1 ^2 
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lie in O g , n (M). 

(2) Let u G V°, v G V r and w G M, we have 


w * 9 ,n U = 


Ei- 1 )’ 


m =0 


m +1 


Res zl Y M (u, Zi)Res Z2 Y M (v, z 2 )w 


x 


_|_ ^^wtu+Z ^ _|_ z \wtv+l-l+Si(r)+j; 


Z 


l+m+l 

1 


Z~ 


2l+8t {r )-|-5i (T—r )+l 


Ei- 1 )’ 


m =0 


m + 1 


x 


Res Z2 Res 2i y M (^, z 2 )Y M (u, z x )w 

^ _|_ z ^yitu+l ^ _j_ ^wtu+Z—l+5i(r)+^ 


J+m+1 

Z 1 


Z. 


2l-\-5i (r)+5i (T—r )+l 


Ei- 1 )' 


m —0 


m + 1 


Res 22 Res Z0 Y M (Y(u, z 0 )v, z 2 )w x 


(1 + 22 + Z 0 ) wtu+l (1 + Z 2 ) wttH-I-l+«i(r)+* 

^2Z+5i(r)+5i(T—r)+l 


E< 

m =0 


^ 777 , -}- 

-1) m ( ) Res 22 Res 2l F M (n, 0, U) w 


x 


(]_ _|_ ^ \wtu+Z ^ _|_ z \-wtv+l-l+5i(r)+Tp 


l+m+l 

Z 1 


Z. 


2l+Si (r )+(5i (T—r'j+l 


E(- 

m =0 


ir I m : l ) E ( wt “ + ') ( _i ■ r “ 1 ) *>«. 


l 


x 


, „ k 

j,k>0 

^ ^^jWtu-\-wtv+2l— j—l+8i(r)+^ 


Z. 


3 (r )+(5i (T—v 


E(- 

m =0 


E(- 

m =0 


- 1 ) m ( f ) Res 22 Res 2l Y M {v,z 2 ) Y M {u,zi)w 


x 


^ _|_ „^Jwtu+Z ^ _j_ z ^yNtv+l-l+8i(r)+Y 


Z 


l+m+l 

1 


2 l+8i (r )+S l (T—r )+1 
Z 2 




l 


x 


, . k 

k,j> 0 

%^ w ^( u k+j v )+l~ l+5i(r)+^+/+fc+l 

2Z+£i(r)+<5;(T—r)+l+Z+m+/c+l 
Z 2 


By the definition of O gn (M) and Lemma [3.11( 1). we know that the two resulting terms 
are in o ,+M). 

Using Lemma I3TTT 2L similarly, we also have (v o gn w ) *g )U u G 0 9in (M). so the proof 
of the Lemma is complete. □ 

Now we can establish the main results of this section as follows: 
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Theorem 3.4. Let M be an admissible V-module and n G ^Z + . Then 

(1) The vector space A g , n (M) is an A g ^ n (V)-bimodule with the left and right actions of 
Ag t n(V) on Ag.n(M) induced from (13.11) and (13.21) respectively. 

(2) The identity map on M induces an A g ^ n {V)-bimodule epimorphism from A g , n (M) 
to A g n _x(M) if n > 1. 

(3) The map 

(j >: w i— y e L( - 1) (— l) L ^w 

induces a linear isomorphism from Ato A g -i n {M ) such that 

f(u * g , n w) = f(w) *g- i >n f(u), (j){w *g t n u) = (j>(u) *g-i jn f[w) 
for u G V and w G M. 

(f) IfV is g-rational, then bothO g ^±.{M)/O gn _s II i{M) and A gn _±.{AI) are A gg fV)- 
bimodules for s = 1,..., nT and 

nT 

A S ,„(M) = A© © O s , n _ i ,(M)/0 ! , i „_ !f . (M). 

S=1 


Proof: (1) By Lemmas 13.21 and 13.31 it suffices to show that the following identities hold 
in A g , n (M) for u, v G V and w G M : 

(u *g t n w) *g,n V = U * g , n (w * g , n v), 1 * g , n W = W * g , n 1 = W 

(u *g, n V) * g>n W = U *g )U (v *g t n w),W *g,n (u * g , n V ) = (w * 9>n u) * g , n V. 

As the proofs are similar, we only prove the third identity in detail. From the definition, 
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we may assume u,v G V°. Then we have 


\mi+m 2 


0 * *g,n V) * g , n W = ^ 

mi,rri2=0 i >0 

| 2^wtu-\-wtv-\-2l-\-mi—i 


mi + l\ f m 2 + l\ ( wt u + l 
l 


l J \ i 


■Res Z2 Y m (u i—l—mi — 1 V,z 2 )w- 


z. 


l+m. 2+1 


E (-D 


mi+m 2 


mi,m 2 =0 


mi + A fm 2 + l 


l 


l 


■ Res 22 Res 20 Y M (Y(u, z 0 )v, z 2 )w 


{1 + Z 2 + Z 0 ) Wt “ +Z (l + Z 2 ) wtv+mi+l 


Z, 


Z+mi+1 /v i+m 2 +1 


0 


Zo 


'y ^ ^_]^ m l+ m 2 

mi,m 2 =0 


mi + A /m 2 + l 


l 


l 


■ Res zi Res 22 Y M (u, zi)Y m (v , 


(1 + ^) wtu+/ (l + z 2 )^+m 1+ l 

(zi - z 2 y+ m ' +i z l 2 +m2+1 


- E (-D 


mi+m 2 


mi,m 2 =0 


mi + A /m 2 + l 


l 


l 


■ Res 22 Res 2l Y M {v, z 2 ) Y M (u, zi ) w 


(1 + £i) wtu+/ (l + z 2 ) wto+mi+ * 


mi,m 2 =0 i>0 


(-% + ^i) z+mi+l 4 +m2+1 
mi + A /m 2 + A /—l — m\ — 1 


l 


l 


•Res 2l Res Z2 Y M {u, zi)Y M (v, z 2 )w 


(1 + zi) wtu+l (l + z 2 ) wtv+m 1+1 


z 


i+mi+l+j Z+m 2 +l —i 


1 


^9 


E E(-d 

mi ,1712=0 i >0 


m2+z+ i +i /mi + ^ fm 2 + ^ f-Z - mi - 1 


•Res 22 Res 2l Y M (v, z 2 )Y M (u, zjw 

It follows from Lemma [3. If 1) that 


l 


(1 + £i) wt “ +i (l + Z2 ) wtv+m 1+1 

„—i 2l+mi+m 2 +2+i 
Z 1 z 2 


fl i» \wtu+Z/'i I _ Nwtu+Z+mi 

Res Z2 Res Zl Y M (v,z 2 )Y M (u,z l )w± - a+^+^+I - G ° gA M )- 


Z1 z 2 


and if i > l — mi 


Res 21 Res Z2 Y M (u, Zi)Y m (v, z 2 )w 


(1 + ^) wtu+i (l + z 2 y iv+mi+l 

l+mi+l+i l+m 2 +l—i 

*1 z 2 
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is also in O g >n (M). Thus in A g>n (M), we have 


(u *g jU V) *g tU W = U *g,n (v *g iH W) + ^ 

m -1 m <-> —0 ' 

■ Res zi Res 22 Y M (u, zi)Y m (v, z 2 )w 


mi,m 2=0 

(l + 2 1 ) wtu+ '(l+.Z 2 ) wto+ * 


mi +1 

l 


m 2 +1 

l 


^i+mi+l ^i+m 2 +l 
*1 z 2 


l—mi 

<EE 

i=0 j >0 


-l — mi — 1 \ /mA (— 


1) 


By proposition 5.3 in [ DLM3j . we know that 


Ei- 1 )” 1 


m i=0 


mi +1 

l 


l—mi 

(EE 

i=0 j >o 


mi 


mi 

3 


(—1) A. 


i+j 

2 


,i+mi 

h 


mi 


) = o. 


So we obtain 

(u *g :n V) *g t n W = U *g, n (v *g W ) . 

(2) By definition and Lemma IXTI l). it is easy to see that O gn (M) C O AM). So 

y 5 x 1 

it suffices to show that u * g . n w = u w, w *g >n u = w u modulo O gn _i.(M) 

for u E V and w G M. We only need to prove them for u E V°. 

As n = ! + ^,n — | = Z + if i > 1, for n and n — the nonnegative integer l 
stays the same. It is clear that u * 9tn w = u * gn _ i. w, w * 9jn u = w * g>n ^ i. u. If i = 0, then 
n = l,n — j; = l — 1 + By definition (13.ip we have 


i 

(u *g, n w) = J^(-l) 

m =0 

'm +1 


i 


Ei- 1 )' 


m =0 
l-l 


= Ei- 1 )’ 

m=0 
1-2 

Ei- 1 )’ 

m=0 


l 


771 + l 


m + l\ , . (l + ^) wtu+/ 

i )n**zY M {u,z)w zl+m+1 


(l + ^wtt.+1-i (1 + 2: )wt«+J-l 

Res 2 Ym(w, -M-^-) 


^Z+m+1 


Res 2 Ym («, z)w 


(1 + A 


wttt+Z—1 


m +1 


Res z Ym(u, z)w 


(1 + A 


y/+m 


wtit+Z—1 


+ 


^L~\~m~\~ 1 


{modO gn i(M)) 
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( 1 + z) w,„ +I - 1 ^ + i 


= Res z Y m (u,z)w — ' — t -I- y,(-lH '" iReSilMtu, z)w'- _ J+m 


m= 1 


,(i + u> 


wtu-\-l —1 


/-I 


Ei- 1 ) 8 


i-i (m + l- 1 \ , . (1 + z) 

I Res z Y M (u,z)w - 


m=l 


i 


WtlL+l— 1 


= Res 2 Ym(«, z)w 


(1 + z) 


wtu~\~l —1 J ^ 


^ Res 2 EM( , w, z)w 


<l + z) 


wtu-\-l —1 


x /+m 


m= 1 

m + l — 1 


■( ( - i r( m i +i J + ( - i r +1 v , 

(1 + z )' Ntu+l ~ 1 
= Res z Ym(u, z)w- - i~ 

-yL 


E<-ir ( m + 1 ; V *(”.^ (1 + 2) 


ra=l 


wtw+/—1 


i - i y 


•Z+771 


/-I 


^(-1) ( , 1 )Res 2 EM(M,2:)w- 


m =0 


l-l 


yl+m 


= u * gtU _ 1 w (mod0 9i „_i (M)). 


Using this result and Lemma [3.11 this complete the proof of (2). 

(3) We fist prove that 0(0 s>ri (M)) C O g -i We know the following conjugation 
formulas from l l'l 11 . : 

z m Y{u,z 0 )z~ L{0) = Y{z m u,zz 0 ), 
e zLW Y(u,z 0 )e- zLW = Y ((i _ ^ 0 )- 2i (°) M , 

\ 1 — ZZo ) 

on M for u G V. Then for homogeneous uGU and w G M, 

("1 ~'\wtu+Z—l+5i( r )+F 

0(« °g,n w) = e L(1) ( — l) L(0) Res 2 ^ + ; (r)+ ^ (T _ r)+1 Ym(u, z)w 


(1 I ~\wtu+Z—l+5j(r-)+i 

= Res y s.. e L Wy M ((~l) L(( V -z) (-l) i(0) w 


= Res 


~.2Z+(5 z (7*)+5j(T—r )+l 
(1 _i_ ~\wtu+Z—l+6i(r)+v _ 


Setting variable z = 


z 0 


l + ^o 


and using the residue formula for the change of variable [Z] 


Res 2 g(;?) = Res ZQ (g(f(z 0 ))-^-f(z 0 )) 

CLZf) 


(for g(z) = Yj n >N v nZ n+a and f(z) = I] n>0 Cn^ n with n G Z, u n G V, a,c n G 
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we have 


0 (ti o g n w ) 

= (-l) 5 i(r)+ 5 i(T - r) Res, 


^ _|_ ~Q^ Wtlt + i— l + (T — T 


z, 


2(+<5i (t*)+ 5*(T—r )+l 
0 


xy M (e (1+ ^“ lL W(l + ^o) 2i(0) (-l) L(0) «^o) e L ^(-l) L ^w 


— ^_X) wt “+' 5 i( r )+ ,5 h' r - ? ')]^ es 


-|- .^wta+Z—1 +^i(T-r)+^ r L 


'20 


2 , 


2 l-\-Si ( r )+<5i (T—r)+l 
0 


xy M (e (1+Zo) lL(1) «, 2 0 )e i(1) (-l) L(0) w 

,°° 1 (I _)_ ~ '\wtu+Z-l+<S i (T-r)+^ :; _ ■ 

_ /_i\wtM+i5i(r)+(5i(T-r) \ ^ _T} \ ^ ^0/ _ 

1 > Z^ 7 -| 20 2i+<5 i (r)+<5 i (T-r)+l 

j=0 Z 0 

xY M (L(l) j u,z)e L{1 \-l) m w 

_°°_ 1 (1 I _ \wt(L(l) J 'u)+J—l+5i(T—r)+2^ 

= /I ^wtu+ii(r)+ii(T-r) V ^ + 

1 ' Z^ 7 ! z o 2/+5i(r)+5i(T-r)+l 

j=0 ^0 

xy M (i(l) J w,z 0 )e i( 1 ) (-l) i(0) w 
which lies in O g -i >n (M) by definition. 

Next we prove cft(u * 9)U w) = (j>{w) * g -i n 0( M ) and 4 > ( w *g,n u) = 0(w) * g -i, n 4>{ w )- 
For u G V r ,r 7 ^ 0, from the definition (13. ip it is clear that 

(j)(u * 9 , n w ) = <j>(w) * g -i tn y[u) = 0. 

Now assume u G V°. Then we have 


00 * g , n w) = 0 ( 

\m =0 


m + l 


(1 + z) 


wt U~\~l \ 


l j^s z Y m (u,z)w- zl+m+l 


-) 


h-V m ( m l‘) Res , (1 ZZr + Z ( 1 ) VM((-!)"<%, -z)(-l)W w 

m= 0 ' ^ 

l 

E(-D 

m =0 
l 

E(-d 


m + A (1 + ^) wt “ +/ 

, Res 2 --———■ r (e 

l J z l+m +1 


+ ^)- 2 L (°)(-l) i(0) «, ^-)e L(1) (— 1 ) m w 


\wtu-\-l 


m =0 


m + l 
l 


\ (-\ I ~ \wtu+m-1 

)Res Z0 (1 + X +1 -y Ar (e^)- l£ ( 1 )«^)e L ( 1 )(-l) £ (°)«; 

/ ~o 


OO 1 l 

EyE(-i) 

j =0 J ra =0 


wtu+/ 


m +1 
l 


(-\ I ~ \wtu+m— 1— j 

Res 20 ^-E(L(1)%, ^ 0 )e L(1) (-1 ) l(0) m; 


J+m+1 

^0 


= 0 H * g -i >n -(z(i) j (-i) l( 0 ) m) 

i=o J ' 

= 0OO Vbn 00)- 
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^0 


where the forth step uses change of variable z = 

l + ^o 

The proof for the other identity is similar, so we omit it. 

(4) From Lemma l3T2l arid 13.31 it is obvious that Q 3r -s.(M)/O g n »-i (M) and A S)7l _ «,(M) 
are the A g n (V)~ birnodules for s = 1, 2, • • • , nT. By (2) we have 


V- : A—> A s ,„ . (A/) 


a algebra epimorphism. Then 


A^_.(M)“A„.(Af)/keiV. 

Since O g , n {M) C O gn _i_(M), we know that 

ker "0 = O ffin _i (Af)/O ff ,„(M). 

If V is ^-rational, then 

A„,„(M) = V.(tf) ® 0„,„_, (M)/O g , n (M) 

= A 3 ,„_»(M) ® (M)/0 9> „_. (Af) ® 0, -n _, (M)/O s ,„(Afl 

nT 

= A 9 ,„(Af) ® ® (M)IO ain _._^(M) 


□ 

4 A g , n (M) and intertwining operators 

Now we discuss the connections between A g>n (M) and the intertwining operators 
and fusion rules.Throughout this section, let (M 0 , Ym 0 ) be an admissible V-module and 
(M ?; , Y Mi ) be admissible g-twisted V-modules for i — 1,2. We first recall the intertwining 
operators and tensor product of modules from [ DLM7 j. 

Definition 4.1. An intertwining operator of type ^ is a linear map 

M 0 —> (Hom(M 1 , M 2 )){z} 

W 1 —^ I(w,z ) = 1 

n£ C 

such that for w G M 0 , w 1 G M 1; /ixed c G C and n G Q sufficiently large 

Wn+cW 1 = 0, 
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the following (generalized) Jacobi identity holds on M 2 : for u G V r and w J G Mj,j = 0,1, 


= z. 


z 0 — —)Ym 2 (u,z 1 )I(w°iZ 2 )w 1 - z 0 1 8{ — — —)I(w°,z 2 )Y Ml (u,z 1 )w 1 

Zo ~Zq 

-1/21 - Z 0 r Zi ~ Z 0 


Z2 


) T <H- 


z 2 


- )I(Y Mo (u,z 0 )w°,z 2 )w 1 


and 


d 


m-l))w°,z) = ^-I(w°,z). 

dz 


Remark: Assume Mq is an irreducible R-module, and M\ M 2 are irreducible (/-twisted 
R-modules. We use A G C, z = 0,1,2 to denote the conformal weights(ref. Remark 
12.411 of Mi, z = 0,1, 2. Due to Proposition 1.5.1 of [FZ ], the intertwining operator of type 
M> 


M q M\ 


can be written as 

I(w,z)= 


w n z- n - 1 z~ h °- hl+h \ 


so that for homogeneous w G M 0 , m,n G + , 

w(n)Mi(m) C M 2 (degw + m — n — 1), 
where degtc = k means that w G M 0 (k). 

The intertwining operators of type 


M 2 

M 0 Mi 


clearly form a vector space, which we 


denote by X 


M 2 

M 0 Mi 


. Set 


n mIm, = dimX 


M 2 

M 0 Mi 


which are called the fusion rules. For short, we set . We also set I$ 1 = 

M 2 

M 0 Mi 

Now we can define the tensor product of an admissible V -modules and an admissible 
(/-twisted V -module according to |DLM7j . 

Definition 4.2. A tensor product for the admissible module Mo and the admissible g- 
twisted module Mi is an admissible g-twisted module together with an intertwining 

M 0 M Mi 


operator FgI 


such that the following universal mapping property holds: 

there 


Mq Mi 

for any a g-twisted V-module W and any intertwining operator I G X 


W 

M 0 Mi 

exists a unique V-homomorphism if from M 0 Kl Mi to W such that I = if o F. 
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From now on we assume that V is ^-rational. Let M 1 ,M p be the irreducible 
admissible g- twisted ^-modules up to equivalence. The following result is well known: 


Theorem 4.3. IfV is rational and g-rational then the tensor product Mo KIM- 7 exists for 
any j. In fact, 

v 

M 0 K Mj = 0 N^M k 

k =1 

such that Iqj(w, z)M j C M k {z} for w E M 0 . 


We now turn our attention to the connection between intertwining operators and 
A 9 jTI (M) as before. From now on, we denote the untwisted admissible module M by Mo. 
Let I E 2* . Then for w E M 0 , w(degw — 1 — t + s)M j (s) C M k (t ) for all s,t. For short 
we set 

o k s (w) = w( degw — 1 — t + s) 


for homogeneous w E Mo and extend it linearly to entire Mq. According to the Lemma 
1.5.2 of [FZj and Theorem 3.2 of [ DLM4 ] and Lemma 4.3 of [DR] , we have the following 
lemma. 


Lemma 4.4. Let M 0 , , M 2 be as before, which are all irreducible and I is an intertwin- 

M 2 


ing operator of type 


M 0 M] 


. The map 


n{I) '■ A 9 )n (M 0 ) ®A g , n (V) Afr(s) —» M 2 (t) 

for w° E Mq,w 1 E Mi(s) and s,t E yZR, sach that s, t < n induces an A 9jn (V)-module 
homomorphism. 


Proof: As in [FZj we need to verify that oj s (u tc°) = o(u)o( s (w°), ol s (w° * 9i „, 
u ) = o\ s (w°)o(u) and o^ s (w) = 0 on M x (s) with s,t < n for u E V°,w° E M 0 and 
w E O g , n (M 0 ). 

By the definition, we have 


m + l\ „ ,, , x n (1 + z ) wtu+l , 


°ls( U *9,nW°) = ol s (J^(- " )ReS z Y Mo (u,z)w° - 

,,,-n v 1 J 


= o 


UEB- 1 )’ 


m =0 

m + l\ f wt u + l 


m =0 «>0 


l 


EB- 1 )' 

?7l=0 «>o 


m + l\ f wt u + l 

l 


^ )wtu+deg«! 0 —i+Z+m—1—f+s 
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Ec- 1 )’ 


m + l 


Res Z2 Res Zo I Ml (Y Mo (u, z 0 )w°, z 2 ) x 


z ^\wtu+l z ho+hi-h 2 +degw°+m-l-t+s 


J+m+1 


Ec- 1 )’ 


m +1 


Res zl Res Z2 Y M2 (u,z 1 )I(w°,z 2 ) x 


wtu+/ 3o+fti—/i 2 +degiu°+m—1—t+s 
Z 1 Z 2 


(Z\ ~ Z2) l+m+1 


Ec- 1 )’ 


m +1 


Res Z2 Res Zl I(w°,z 2 )Y Ml (u,z 1 ) x 


wtit+Z^o+^ 1 —^ 2 +degty°+m—1—i+s 
-1 z 2 _ 

(-22 + 2l)' +m+1 


EEc- 1 )' 

m=0 j>0 

EEc- 1 )' 

m =0 j>0 
oo /c 

EEc- 1 )' 

k =0 m=0 


m + A /—/ — m — 1 
/ / V 7 


' U wta-m-l-j w degu> 0 +m-l-t+s+.j 


Z+m+l+j 


• f m + A f—l — m — 1 


W deg w°—l—2—t+s— j u vftu+l+j 


m + A /—l — m — 1 


k — m 


U wt u-l-kW deg w o _ i _ t+s+ h 


-EE (-1) ,+1+ ' 


• f m + A f—l — m — 1 


j =0 ra =0 


W degw°-Z—2—t+s—j'^wtu+Z+j 


Note that M wtu+ / + j = w° t!i ,o_ 1 _ t+s+A . = 0 on M^s) for j > 0 and k > t. Also we have 


m + A f—l — m — 1 

l / V k — m 


m + A /—l — m — 1 

m /V k — m 


= 0, for 1 < fc < /. 


Then 


*3,™ w °) = «wt U -l«'Lo_ 1 _ t+s = o(m)o[ )S (w 0 ). 

Similarly, one can get 

°m( W ° *S,n«) = Wdeg„, 0 —!_t+s’Uwta— 1 = o[ s (w)°)o(7t). 

Next we prove the third identity. For w G O g . n (M 0 ), setting w = ao gn b for a G V r , b G M 0 , 
we have 


°t, s ( a °g,n b ) = ol s (Res z Y Mo (a, z)b 


Q _|_ z ytita+l-l+5i{r)+^ 
%21+Si (r)-\-Si(T r )+l 


17 



= o 


t.s 


wt a + l — 1 + Si(r ) + 


ai-2l-l-6i(r)-6i{T-r)b) 


E 

i> 0 


<E 

i>0 

/wta + l - 1 + 8i(r) + T . . . 

I ^ j \fli— 2Z— 1— Si(T—r)0)wtu-\-deg b—i-\-2l-\-5i(r)-\-5i(T—r)— 1—t-\-s 


= Res Z2 Res Zo I(Y Mo (a,z 0 )b,z 2 ) 


(z 2 + z Q ) 


w ta+l-l+Si(r)+^ ^, h 0+ h i~ h 2+deg b+l+5i(T-r)-t+s 
1 ^2 


Z, 


2l+5i (T—r)+l 

0 


wta+/—l+<5i(r)+^: /io+^l— / 12 +deg 6+£+<5i(T—r)—t+s— Z, 

= Res Zl Res Z2 Y M2 (a, zx)I(b, z 2 )— - 


r )+i 

wta+2—l+<5i(r)+21 ho+^l—^ 2 +deg b+Z+5i(T—r) —t+s —7 


-Res, 2 Res Zl /( 6 , z 2 )Y Ml (a, zj) — 


^9 


Emi 

i>o 


(—^2 + £-|J2i+(5i(r)+(5i(T—r)+l 

2Z-«5 i (r)-5 i (T-7-)^l > 

3 


Res Zl Res Z2 Y M2 (a,zi)I(b,z 2 ) x 


wta+Z—l+5i(r)+^r / 10 +/ 11 —/i2+deg6+i+5j(T— r)—t+s—} 


-1 


^9 


^2l-\-Si (r )+(5i (T~ r)+l +_7 —j 


J2(-l) 5i{r)+Si( - T ~ r)+1 ( 21 ^ (r) ^ {T r) l ^jRes Z2 Res Zl I{b,z 2 )Y Ml {a,z{)x 


j> 0 

■wta+l—l+5i(r)+-Z ho+hi—h 2 +deg b-\-l+5i{T—r)—t+s—L 


~j „ 2l +Si(r)+Si{T-r)+l+j 
z 1 ^2 


E(-!) J 


i>o 


-21 - Si(r ) - <5j(T - r) - 1 


®wta— l— j— 2— 5i (T— r)+ ^ ^deg f>+(+<5i ( T—r)—t+s— L +j 


+ J2(-l) 5i{r)+5i( - T - r) (~ 21 ~ Si ^ ~ Si ^ T lS \b d 
i>n \ 3 / 


; b—l-j-Si(r) — 1— t+s a wta+(—l+<5i (r)+Z,+j 


j> 0 
Note that 

and 


^deg 6+i+i5i(T—r)—i+s—^deg b+s—l+/+5j(T—r)— 1+ T „ r +j ^ 


We now obtain a linear map n from X 


to Hom^ n( y) (A g>n (M 0 ) ® Ag , n (v) 


a wta+l-l+5i(r)+-Y+j ^ 

on Mi (s) for j > 0. So o[ s (?n) = 0. This completes the proof of Lemma. □ 

M 2 

M 0 Mi 

Mi(s), M 2 (t)). The following lemma is from Proposition 2.10. of 

Lemma 4.5. If M 2 is irreducible, n is injective. □ 

By Lemmas 14.41 and 14.51 a similar argument as that in |L2| for the proof of Theorem 
1.5.2 of pFZ ] and Theorem 2.11 in [L2] conlcl be applied to onr twisted case, which gives 
us the main result of this section: 
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Theorem 4.6. Suppose M 0 is an irreducible V-module, Mi and M 2 are irreducible g- 

M 2 


twisted V-modules, Then 7 r is an isomorphism from I 
Mi(s), M 2 {t )) for s,t <n. 


M 0 Mi 


to Hom Ag n(y) (A g, n (M Q )® Ag 


Remark 4.7. From the above, in general, we obtain that there is an isomorphism from 
M k \ 

M Mi ) t0 Hom A,n(v)( A 9,n(M 0 ) ®A g , n (v) M J (s), M k (t)) for s,t < n where M\M k 
are irreducible g-twisted V-module. 
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